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Abstract: In this paper we introduce the notion of a ternary r- 
semigroup is introduced and some examples are given. 
Further the terms commutative ternary r-semigroup, quasi 
commutative ternary r-semigroup, normal ternary T- 
semigroup, left pseudo commutative ternary r-semigroup, 
right pseudo commutative ternary r-semigroup are introduced 
and characterized them. 

In section 2, the terms; ternary r-subsemigroup, 
ternary r-subsemigroup generated by a subset, cyclic ternary 
r-subsemigroup of a ternary r-semigroup and cyclic ternary 
r-semigroup are introduced and characterized them 

In section 3, we discussed some special elements of a 
ternary r-semigroups and characterized them. 
INTRODUCTION 

Algebraic structures play a prominent role in 
mathematics with wide ranging applications in many disciplines 
such as theoretical physics, computer sciences, control 
engineering, information sciences, coding theory, topological 
spaces, and the like. The theory of ternary algebraic systems 
was introduced by LEHMER in 1932, but earlier such structures 
was studied by KASNER who give the idea of n-ary algebras. 
LEHMER investigated certain algebraic systems called triplexes 
which turn out to be commutative ternary groups. Ternary 
semigroups are universal algebras with one associative ternary 
operation. The notion of ternary semigroup was known to 
BANACH who is credited with example of a ternary semigroup 
which can not reduce to a semigroup. A. Anjaneyulu [i] 
introduced the study of pseudo symmetric ideals in semigroups 
D. Madhusudhana Rao and A. Anjaneyulu [ii, iii] studied about 
r-semigroups. Further D. Madhusudhana Rao and A 
.Anjaneyulu and Y. Sarla [x] extended the same results to 
ternary semigroups. Madhusudhana Rao and Srinivasa Rao [ v, 
vi, vii] studied about ternary semirings. In this paper mainly we 
extended the same results to ternary r-semigroups. 
1: TERNARY T-SEMIGROUPS 

We now introduce the notion of ternary r-semigroup 
Definition 1.1 : Let T and F be two non-empty set. Then T is 
said to be a Ternary T-semigroup if there exist a mapping from 
TxrxTxrxT to T which maps ( x 1 , a,x 2 ,/3,x 3 ) -> 

^xax^xA satisfying the condition : 
\^x x ax 2 px 3 ] yx 4 Sx 5 J = \xfiL [x 2 j3x 3 yx 4 ] Sx 5 ] 
= [x l ax 2 ft[x 3 yx 4 Sx 5 ]j 
V JC. 6T,1<('<5 and a,P,y,S<=T . 



Note 1.2 : For the convenience we write X l C(X 2 /3x 3 instead of 

[x l ax 2 ftx 3 ] 

Note 1.3 : Let T be a ternary F-semigroup. If A, B and C are 
three subsets of T, we shall denote the set AFBFC = 

[aabpc : a e A,b e B, c e C, a, (3 e r] . 

Note 1.4: Any T-semigroup can be reduced to a ternary 
T-semigroup. 

In the following some examples of ternary 
T-semigroup are given. 
Example 1.5: Let T = 

o\fi oVi o 

0 10 0 



0 0 



0 0 
0 0 



1 0 
0 0 




and 



0 

0 0 



Then T is a 



ternary T-semigroup under matrix multiplication. 

Example 1.6: The set Z of all integers and T be the set of all 

even integers. If accbfic denote as usual multiplication of 

integers for a,b,C <eT and a, j3 e T , then T is a ternary T- 
semi group. 

Example 1.7 : Let the set Z of all negative integers and T of all 
odd integers is a ternary T-semigroup but not a T-semigroup 
under the multiplication of integers. 

Example: 1.8 : Let T = { 5n + 4 : n is a positive integer} and T = 
{ 5n + 1 : n is a positive integer}. Then T is a ternary T- 
semi group with the operation defined by aabfic = a + a+ b + /? 
+ c where a, b, c £ S, a, {? £ T and + is the usual addition of 
integers. 

Example: 1.9 : Let T = { An + 1 : n is a positive integer} and T = 
{ An + 3 : n is a positive integer}. Then T is a ternary T- 
semi group with the operation defined by aab/Sc = a+ a+b+/? 
+ c where a, b, c £ S, a, £ T and + is the usual addition of 
integers. 

Example 1.10 : Let T = |a,&,c} and T = T such that aab/Hc = 

(x*y)*z for all x, y, ze T and a, P £ T where * is defined by the 
table 



* 


a 


b 


c 


a 


a 


a 


a 


b 


a 


b 


b 


c 


a 


c 


c 



Then T is a ternary T-semigroup. 
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Example 1.11: Let T be the set of real numbers, 0 e T such that 

| J" | >3 and T be the any non empty set. Then T with the ternary 

operation defined by xay/Sz = x if x = y = z and xay/Sz = 0 
otherwise is a ternary r-semigroup. 

Example 1.12: T = {z,— z'} and T = Y. Then T is a ternary T- 

semigroup under the complex ternary operation (multiplication 
of complex numbers). 

Example 1.13: T = jz, 0, — z'l and T = Y. Then T is a ternary Y- 

semigroup under the complex ternary operation. 

Example 1.14: T = { ,-2i,-i,0,i,2i, } and T = { -i, 0, i}. 

Then T is a ternary F-semigroup under the complex ternary 
operation. 

Example 1.15: T = {2x I x £ N } and Y = N. Then T is a ternary 
F-semigroup under the ternary operation defined by [aab/?c] = 
H.C.F of a, b and c. 

Example 1.16: Let T = Z x Z = {{a, b) : a, b £ Z, set of all 
negative integers} and F be the any non-empty set. Then T is a 
ternary semigroup w. r. t the ternary multiplication defined as 
follows : {a, b)a(c, d)/3(e,f) = (a,f). 

Example 1.17: Let T = {0, {a}, \b}, {c}, {a, b}, {b, c}, {a, c}, 
{a, b, c}} andT= {0, {a}, {a, b, c}}. If for all A, C, E 6 T and 
B, D £ F, ABCDE ^AflBflCnDflE, then T is a ternary T- 
semi group. 

Example 1.18: Let T = {0, {a}, {b}, {c}, {a, b}, {b, c}, {a, c}, 
{a, b, c}} and Y = {{a, b, c}}. If for all A, C, E £ T and B £ Y, 
ABCBE ^APlBncnBriE, then T is a ternary F-semigroup. 
Example 1.19: Let T be the set of all 2 x 3 matrices over Q, the 
set of rational numbers and Y be the set of all 3><2 matrices over 
Q. Define AaBpC = usual matrix product of A, a, B, P and C; 
for all A, B, C £ T and for all a, P £ Y. Then T is a ternary Y- 
semigroup. Note that T is not a ternary semigroup. 
Example: 1.20: Let T be a ternary r-semigroup and a a fixed 
element in F. We define a.b.c = aabac for all a, b, c £ T. We 
can show that (T, .) is a ternary semigroup and we denote this 
ternary semigroup by T a . 

Note 1.21: Every ternary semigroup can be considered to be a 
ternary F-semigroup. Thus the class of all ternary F-semi groups 
includes the class of all ternary semi groups. 
Example: 1.22 (FREE TERNARY T-SEMIGROUP): Let X 

and F be two nonempty sets. A sequence of elements a 1 a 1 a 2 a 2 

... a n .]a n .]a n where a b a 2 , a 3 , ,a n £ X wAa h a 2 ,a 3 , a n 

£ F is called a word over the alphabet X relative to F. The set T 
of all words with the operation defined from TxTxTxFxT 

to T as (a,a,a 2 a 2 .... a n .,a n .,a^ y(b,P,b 2 p 2 b m _,f> m . 

,b m )M.c,s 1 c 2 e 2 .... c n .i£ n .iCp) = a]a,a 2 a 2 a n _ia n _ia n ybif$ib 2 fS 2 

bm-lfim-lbm Sci£lC 2 € 2 

c n-i e n-i c P is a ternary F-semigroup. This ternary r-semigroup is 
called free ternary F-semigroup over the alphabet X relative to 

r. 

In the following we introduce the notion of a 
commutative ternary r-semigroup 

Definition 1.23 : A ternary F-semigroup T is said to be 
commutative provided aT^Fc = bYcTa = cTaTb = bTaYc = 
cTbTa = aTcTb for all a,b,c£ T. 
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Example 1.24 : T ={0,+z'} and F = { 0, i } with complex 

ternary operation is a commutative ternary r-semigroup. 

Note 1.25 : Let T be a ternary F-semigroup and a, b £ T and 

a £ T. Then aaaab is denoted by (aa) 2 b and consequently a a a 

a a a (n terms)b is denoted by (aafb. 

In the following we introduce a quasi commutative 
ternary F-semigroup. 

Definition 1.26 : A ternary r-semigroup T is said to be quasi 
commutative provided for each a, b, c £ T and y £ Y, there 

exists a natural number n such that aybyc = (by)" aye = bycya 
= (cy)" bya = cyayb = (ay)" cyb. 

Note 1.27 : If a ternary F-semigroup T is quasi commutative 
then for each a,b £ T , there exists a natural number n such that, 

aFfeFc = (bT) n aTc = bYcTa = (cT)" bTa = cYaTb =(aT)" 
cTb. 

Theorem 1.28: If T is a commutative ternary r-semigroup 
then T is a quasi commutative ternary r-semigroup. 
Proof : Suppose that T is a commutative ternary F-semigroup. 
Let a, b, c G T and yE F. 

Now aybyc = bycya = cyayb => aybyc = (by) 1 aye = bycya = 

(cy) 1 bya = cyayb = (ay) 1 cyb. T is a quasi commutative 

ternary F-semigroup. 

In the following we introduce the notion of a normal 
ternary r-semigroup. 

Definition 1.29 : A ternary F-semigroup T is said to be normal 
provided aab/?T = Ifiaab V a,b e T and a, /?£ Y. 
Note 1.30 : If a ternary r-semigroup T is normal then aT^rT = 
TTaTb V a,b G T. 

Theorem 1.31 : If T is a quasi commutative ternary T- 
semigroup then T is a normal ternary r-semigroup. 

Proof : a, b £ T and a, j3 E. Y. If x £ aabflY. Then x = aab/Sc 
where c £ T. Since T is quasi commutative ternary r-semigroup 
aab/?c = (cdfajffb = (cd)"' 1 caajffb £ TYaYb. Therefore x £ 
TYaYb. Thus aYbYl E TYaYb. Similarly lYaYb E aYbYJ and 
hence aTMT = TYaYb V a,b e T. 

Corollary 1.32 : Every commutative ternary r-semigroup is 
a normal ternary r-semigroup. 

In the following we are introducing left pseudo 
commutative ternary r-semigroup. 

Definition 1.33 : A ternary r-semigroup T is said to be left 
pseudo commutative provided aYbYcYdYe = bYcYaYdYe = 
cYaYbYdYe = bYdYcYdYe = cYbYaYdYe = aYcYbYdYe V 
a,b,c,d,e eT. 

Theorem 1.34 : If T is a commutative ternary semigroup, 
then T is a left pseudo commutative ternary r-semigroup. 

Proof. Suppose that T is a commutative ternary semigroup. Then 
aYbYcYaTe = (aYbYc)YdYe = (bYcYa)YdYe = (cYaYb)YdYe = 
(bYaYc)YdYe = (cYbYa)YdYe = (aYcYb)YdYe V a,b,c,d,e e T. 
aYbYcYaTe = bYcYaYdYe = cYaYbYdYe = bYaYcYdYe = 
cYbYaYdYe = aYcYbYdYe. T is a left pseudo commutative 
ternary F-semigroup. 

Note 1.35 : The converse of the above theorem is not true, i.e T 
is a left pseudo commutative ternary F-semigroup then T need 
not be a commutative ternary r-semigroup. 
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Example 1.36 : Let T = \a,b,C,d,e\ and Y = {a}. Define a 

ternary operation [ ] on T as [a^c] = a.b.c where the binary 
oper ation ' cf is defined as 



a 


a 


b 


c 


d 


e 


a 


a 


a 


a 


a 


a 


b 


b 


a 


a 


a 


a 


c 


a 


a 


a 


a 


a 


d 


a 


a 


a 


a 


a 


e 


a 


b 


c 


d 


e 



It is easy to see that T is a ternary T-semigroup. Now T is a left 
pseudo commutative ternary T-semigroup. But T is not a 
commutative ternary T-semigroup. 

In the following we are introducing the notion of lateral 
pseudo commutative ternary F-semigroup. 
Definition 1.37 : A ternary T-semigroup T is said to be a lateral 
pseudo commutative ternary F-semigroup provide aYbYcYdTe = 
aYcYdYbYe = aYdYbYcYe = aYcYbYdYe = aYdYcYbYe = 
aYbYdYcYe for all a,b,c,d,e e T. 

Theorem 1.38 : If T is a commutative ternary semigroup 
then T is a lateral pseudo commutative ternary T-semigroup. 

Proof : Suppose that T is a commutative ternary F-semigroup. 
Then aTbTcTdTe = aT(bTcTd)Te = aY(cYdYb)Ye = 
aY(dYbYc)Ye = aY(cYbYd)Ye = aY(dYcYb)Ye = aY(bYdYc)Ye 
for all a,b,c,d,e e T. 

aYbYcYdYe = aYcYdYbYe = aYdYbYcYe = aYcYbYdYe = 
aYdYcYbYe = aYbYdYcYe. Therefore T is a lateral pseudo 
commutative ternary F-semigroup. 

Note 1.39 : The converse of the above theorem is not true i.e. T 
is a lateral pseudo commutative ternary F-semigroup then T need 
not be a commutative ternary T-semigroup. 
Example 1.40 : Consider the ternary T-semigroup in example 
1.36, T is a lateral pseudo commutative. But T is not a 
commutative ternary T-semigroup. 

In the following we are introducing the notion of right 
pseudo commutative ternary F-semigroup. 
Definition 1.41 : A ternary F-semigroup T is said to be right 
pseudo commutative provided aYbYcYdYe = aYbYdYeYc = 
ciYbYeYcYd = aYbYdYcYe = aYbYeYdYc = aYbYcYeYd V a, b, 
c, d, e e T. 

Theorem 1.42 : If T is a commutative ternary T-semigroup 
then T is a right pseudo commutative ternary T-semigroup. 

Proof : Suppose that T is a commutative ternary semigroup. 
Then aYbYcYdYe = aYbY(cYdYe) = aYbY(dYeYc) = 
aYbY(eYcYd) = aYbY(dYcYe) = aYbY(eYdYc) = aYbY(cYeYd) 
for all a,b,c,d,e e T. 

aYbYcYdYe = aF^Fiirerc = CiYbYeYcYd = aYbYdYcYe = 
aYbYeYdYc = aYbYcYeYd. T is a right pseudo commutative 
ternary T-semigroup. 

Note 1.43 : The converse of the above theorem is not true i.e. If 
T is a right pseudo commutative ternary T-semigroup, then T 
need not be a commutative ternary T-semigroup. 
Example 1.44 : Consider the ternary F-semigroup in example 
1.36, T is a right pseudo commutative. But T is not a 
commutative ternary F-semigroup. 

In the following we introducing the notion of pseudo 
commutative ternary F-semigroup. 
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Definition 1.45: A ternary F-semigroup T is said to be pseudo 
commutative, provided T is a left pseudo commutative, right 
pseudo commutative and lateral pseudo commutative ternary F- 
semi group. 

Theorem 1.46: If T is a commutative ternary T-semigroup, 
then T is a pseudo commutative ternary T-semigroup. 

Proof: Suppose that T is a commutative ternary F-semigroup. 
By theorem 1.34, T is a left pseudo commutative ternary T- 
semigroup. By theorem 1.42, T is a right pseudo commutative 
ternary F-semigroup. By theorem 1.38, T is a lateral pseudo 
commutative ternary F-semigroup. T is a pseudo commutative 
ternary T-semigroup. 

Note 1.47 : The converse of the above theorem is not true i.e. if 
T is a pseudo commutative ternary F-semigroup , then T need 
not be a commutative ternary T-semigroup. 
ExamplE 1.48 : Consider the ternary F-semigroup in example 
1.36, T is a pseudo commutative. But T is not a commutative 
ternary T-semigroup. 

2. TERNARY T-SUB SEMIGROUP 

In the following we are introducing a ternary T-sub 
semigroup 

Definition 2.1: Let T be ternary F-semigroup. A non empty 
subset 'S' is said to be a ternary T-subsemigroup of T if aabfic 
G S for all a, b, c e S and a, /?£ Y. 

Note 2.2: A non empty subset Sofa ternary F-semigroup T is a 
ternary F-subsemigroup if and only if SrsrS CZ S. 
Example 2.3 : Let S = [ 0,1] and F = { 1/n : n is a positive 
integer}. Then S is a ternary T-semigroup under the usual 
multiplication. Let T = [0, 1/2]. Now T is a nonempty subset of 
S and aybSc 6 T, for all a, b £ T and y , 5 £ F . Then T is a 
ternary T-subsemigroup of S. 

Example 2.4 : Let T = { a, b, c, d } and F = { a } be a 
T-semigroup under the operation . given by 
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a 


b 


c 


d 


a 


a 


a 


a 


a 


b 


a 


a 


a 


a 


c 


a 


a 


b 


a 


d 


a 


a 


b 


a 



= xiyaz) = (xay)az. 
a }, B = [a, b}, C = 



Define the ternary operation [ ] as [xayaz 
Then S is a ternary T-semigroup. Let A = 
{a, b, c} and D = {a, b, d }. Then A, B, C, D are all ternary 
T-subsemigroups of T. 

Example 2.5 : Consider the ternary F-semigroup Z" under the 
ternary multiplication, then S = Z" \{-l] is ternary 
T-subsemigroup of Z". 

Theorem 2.6: The non-empty intersection of two ternary 
T-subsemigroups of a ternary T-semigroup T is a ternary 
T-subsemigroup of T. 

Proof : Let S x , S 2 be two ternary T-subsemigroups of T . Let a, 
b, c£ S, n S 2 and a, y £ T. 

a, b, c G 5j n S 2 => a, b, c e S { and a, b, c e S 2 

a,b,c G Sj and a, y £ T, S l is a ternary T-subsemigroup of T 

=>aabyc e Sj 
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a, b, c e S 2 a, j £ F, S 2 is a ternary T-subsemigroup of T 
=> aabyc e S 2 

aabyc e 5j , aabyc e S 2 => aabyc e 5j nS 2 . 
Therefore S l Pi S 2 is a ternary F-subsemigroup of T. 

Theorem 2.7: The non-empty intersection of any family of 
ternary T-subsemigroups of a ternary T-semigroup T is a 
ternary T-subsemigroup of T. 

Proof: Straight forward. 

In the following we are introducing a ternary T- 
subsemigroup which is generated by a subset and a cyclic 
ternary F-subsemigroup of ternary F-semigroup. 
Definition 2.8: Let T be a ternary T-semigroup and A be a non- 
empty subset of T. The smallest ternary F-subsemigroup of T 
containing A is called a ternary Y-subsemigroup of T generated 
by A. It is denoted by (A). 

Theorem 2.9: Let T be a ternary T-semigroup and A be a 

non-empty subset of T. Then (A) = { a\ a.\ a 2 a 2 m„.i 

«n-i «n : for some odd natural number n, a l7 a 2 , , a n £ A, 

01, a 2 , a„.! e r }. 

Proof : Let S = { a i a l a 2 a 2 ...a a .\ a n _i a n : n E N, a u a 2 , ...a n £ 
A, ai, a 2 , a n _i £ T}. Let a, b, c £ S and a, j £ T. 

a £ T => a = «i ai a 2 a 2 a m -i a m .\ a m where a u a 2 , ...a m £ A, 

a,, a 2 , a m _i £ T. 

beT^b = b l p l b 2 p 2 b nA p nA b n where b u b 2 , . . .b n £ A, 0 

uPi, ...,PnA er. 

ceS =>c = C{Yf 2 y 2 c v ...y r _f r where c l ,c 2 ....C r eA,y h y 

2 , y a . t £ r. 

Now aybac = (a l a l a 2 a 2 ...a mA a m _ l aJ y (b l fi l b 2 fi 2 ...b nA fi n _ l b n )( 

c l r l c 2 r 2 c r ...r r -i c r) e ^ 

Therefore S is a ternary F-subsemigroup of T. 

Let K be a ternry T-subsemigroup of S such that A E K. 

Let a £ S. Then a = a\ a.\ a 2 a 2 a n . t a n . t a n where a u a 2 , ...a n 

£ A, a,, a 2 , a n _i £ T 

a h a 2 , ....a n £ A, A E K => a,, a 2 , ....a n £ K. 

fli, a 2 , . ...a n £ K, aj, a 2 , a n _i £ F, K is a ternary T- 

subsemi group 

w a\d\ a 2 0C 2 ^n-l ^n-l 

£ K => a £ K. Therefore SE K. 
So S is the smallest ternary F-subsemigroup of T containing A. 
Hence (A) = S. 

Theorem 2.10 : Let T be a ternary T-semigroup and A be a 
non-empty subset of T. Then (A) = the intersection of all 
ternary T-subsemigroups of T containing A. 

Proof : Let A be the set of all ternary F-subsemigroups of T 
containing A. Since T is a ternary T-subsemigroup of T 
containing A,Te A, so A^0 
Let S* = P| S . Since A cSforallSe A and Ac S* 

By theorem 2.7 , S is a ternary F-subsemigroup of T. 

Since S* CI S for all S e A , S is the smallest ternary T- 

subsemigroup of T containing A. There fore S = (A). 
Definition 2.11 : Let T be a ternary F-semigroup. A ternary F- 
subsemigroup S of T is said to be a cyclic ternary T- 
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subsemigroup of T if S is generated by a single element subset 
ofT. 

Definition 2.12 : A ternary semigroup T is said to be a cyclic 
ternary semigroup if T is cyclic ternary subsemigroup of T 
itself. 

3. SPECIAL ELEMENTS OF A TERNARY T-SEMIGEOUP 

In the following we introducing left identity, lateral identity, 
right identity, two sided identity and identity of ternary T- 
semi group. 

Definition 3.1 : An element a of ternary T-semigroup T is said 
to be left identity of T provided aaafit = t for all t e T, a, /?€ T. 
Note 1.3.2 : Left identity element a of a ternary 
T-semigroup T is also called as left unital element. 
Definition 3.3 : An element a of a ternary T-semigroup T is said 
to be a lateral identity of T provided aatfia = t for all 
t eT, a,jff£T. 

Note 3.4 : Lateral identity element a of a ternary 
F-semigroup T is also called as lateral unital element. 
Definition 3.5: An element a of a ternary T-semigroup T is said 
to be a right identity of T provided taa/Sa = t V t e T, a, jS £ Y. 
Note 3.6 : Right identity element a of a ternary F-semigroup T is 
also called as right unital element. 

Definition 3.7 : An element a of a ternary F-semigroup T is said 
to be a two sided identity of T provided aaafit = atafia = tV t 
eT, a,/?ET. 

Note 3.8 : Two-sided identity element of a ternary 

F-semigroup T is also called as bi-unital element. 

Definition 3.9 : An element a of a ternary T-semigroup T is said 

to be an identity provided aaafit = taafia = aat/?a = t V t e T, 

^,/£r. 

Note 3.10 : An identity element of a ternary T-semigroup T is 
also called as unital element. 

Note 3.11 : An element a of a ternary T-semigroup T is an 
identity of T iff a is left identity , lateral identity and right 
identity of T. 

Example 3.12 : Let Z 0 be the set of all non-positive integers 
and F be the set of binary operations. Then with the usual ternary 
multiplication, Z 0 ~ forms a ternary F-semigroup with identity 
element - 1 . 

Note 3.13 : The identity ( if exists ) of a ternary T-semigroup is 
usually denoted by 1 (or) e. 

Definition 3.14 : A ternary r-semigroup T with identity is called 
a ternary T-monoid. 

Notation 3.15 : Let T be a ternary T-semigroup. If T has an 

identity, let T l = T and if T does not have an identity , let T l be 
the ternary semigroup T with an identity adjoined usually 
denoted by the symbol 1 . 

In the following we introducing left zero, lateral zero, 
right zero, two sided zero and zero of ternary F-semigroup. 
Definition 3.16 : An element a of a ternary F-semigroup T is 
said to be a left zero of T provided aab/ffc = a V b, ce T, 
a,/?er. 

Definition 3.17 : An element a of a ternary F-semigroup T is 
said to be a lateral zero of T provided baa/ffc = a V fc,c£ T, 
a,/?er. 
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Definition 3.18 : An element a of a ternary T-semigroup T is 
said to be a right zero of T provided bacfia = a V b,c e T, 

a, /?£ r. 

Definition 3.19 : An element a of a ternary T-semigroup T is 
said to be a two sided zero of T provided aabfic = bacfia = a V 

b, ce T, a,/?E T. 

Note 3.20 : If a is a two sided zero of a ternary T-semigroup T, 
then a is both left zero and right zero of T. 

Definition 3.21 : An element a of a ternary T-semigroup T is 
said to be zero of T provided aabfic = baafic = bacfia = a V b, 
ce T, cr,/?E T. 

Note 3.22 : If a is a zero of T, then a is a left zero, lateral zero 
and right zero of T. 

Theorem 3.23 : If a is a left zero, b is a lateral zero and c is a 
right zero of a ternary T-semigroup T , then a = b = c. 
Proof : Since a is a left zero of T, aab/Sc = a for all a,b, c eT. 
Since b is a lateral zero of T, aab/?c = b. Since c is a right zero 
of T, aabfic = c. Therefore aabfic = a = b = c. 
Theorem 3.24 : Any ternary T-semigroup has at most one 
zero element. 

Proof : Let a, b, c be three zeros of a ternary T-semigroup T. 
Now a can be considered as a left zero , b can be considered as a 
lateral zero and c can be considered as a right zero of T. By 
theorem 3.24, a = b = c. Then T has at most one zero. 
Note 3.25 : The zero ( if exists ) of a ternary T-semigroup is 
usually denoted by 0. 

Notation 3.26 : Let T be a ternary T-semigroup. if T has a zero, 

let T° = T and if T does not have a zero , let T° be the ternary 
F-semigroup T with zero adjoined usually denoted by the 
symbol 0. 

In the following we introducing the notion of left zero 
ternary T-semigroup, lateral zero ternary F-semigroup, right zero 
ternary T-semigroup and zero ternary F-semigroup. 
Definition 327 : A ternary F-semigroup in which every element 
is a left zero is called a left zero ternary T-semigroup. 
Definition 3.28 : A ternary T-semigroup in which every element 
is a lateral zero is called a lateral zero ternary 
T-semigroup. 

Definition 3.29 : A ternary F-semigroup in which every element 
is a right zero is called a right zero ternary 
T-semigroup. 

Definition 3.30 : A ternary F-semigroup with 0 in which the 
product of any three elements equal to 0 is called a zero ternary 
T-semigroup (or) null ternary T-semigroup. 

Example 3.31 : Let OeTER and \T\ > 2 and T be the any 

non-empty set. Then T with the ternary operation defined by 
xayfiz = x if x = y = z and xayfiz = 0 otherwise is a ternary T- 
semi group with zero. 

In the following we are introducing the notion of 
idempotent element of a ternary T-semigroup. 
Definition 3.32 : An element a of a ternary T-semigroup T is 
said to be an a-idempotent element provided actacta = a . 
Note 3.33 : The set of all idempotent elements in a ternary T- 
semigroup T is denoted by EJT). 

Example 3.34 : Every identity, zero elements are a-idempotent 
elements. 
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Definition 3.35 : An element a of a ternary T-semigroup T is 
said to be an {a, /^-idempotent element provide aaaj3a = a 
for all a, JSeY. 

Note 3.36 : In a ternary T-semigroup T, a is an idempotent iff a 
is an (a, /5)-idempotent for all a, /?€ T. 

Note 3.37 : If an element a of a ternary T- semigroup T is an 
idempotent, then aTaYa = a. 

In the following we introduce proper idempotent 
element ternary T-semigroup. 

Definition 3.38 : An element a of a ternary T-semigroup T is 
said to be a proper idempotent element provided a is an 
idempotent which is not the identity of T if identity exists. 

We now introduce an idempotent ternary T-semigroup 
and a strongly idempotent ternary T-semigroup. 
Definition 3.39 : A ternary T-semigroup T is said to be an 
idempotent ternary T-semigroup provided every element of S is 
a -idempotent for some a £ T. 

Definition 3.40 : A ternary T-semigroup T is said to be a 
strongly idempotent ternary r- semigroup or ternary T-band 

provided every element in T is an a -idempotent for some 
a £ T. 

In the following we are introducing regular element and 
regular ternary T-semigroup. 

Definition 3.41 : An element a of a ternary T-semigroup T is 
said to be regular if there exist x, y £ T and a, fi, y, <5 £ T such 
that aaxfiayySa = a. 

Definition 3.42 : A ternary T-semigroup T is said to be regular 
ternary T-semigroup provided every element is regular. 
Example 3.43: Let T = {0, a, b\ and T be any nonempty set. If 
we define a binary operation on T as the following Cayley table, 
then T is a ternary T-semigroup. 
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a 
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0 


0 


0 


0 


a 


0 


a 


a 


b 


0 


b 


b 



Define a mapping from TxTxTxTxTtoTas aab/?c = abc 
for all a, b, c £ T and a, j3 £ T. Then T is regular ternary 
T-semigroup. 

Theorem 3.44 : Every a-idempotent element in a ternary 
T-semigroup is regular. 

Proof : Let a be an (Sr-idempotent element in a ternary 
T-semigroup T. Then a = aaaaa = (aaaaci)aaa = aaaaaaaaa. 
Therefore a is regular element. 

In the following we are introducing the notion of left 
regular, lateral regular right regular, intra regular and completely 
regular elements of a ternary T-semigroup and completely 
regular ternary T-semigroup. 

Definition 3.45 : An element a of a ternary T-semigroup T is 
said to be left regular if there exist x, y £ T and a, fi, y, S £ T 
such that a = aaafiayxSy. i.e, a £ aTarariTT. 
Definition 3.46 : An element a of a ternary T-semigroup T is 
said to be lateral regular if there exist x, y £ T and a, ft, y, SE 
T such that a = xaa/Saya&y. i.e., a ETraTaTarT . 
Definition 3.47 : An element a of a ternary T-semigroup T is 
said to be right regular if there exist x, y £ T and a, fi, y, SEY 
such that a = xayfiayaSa. i.e., a £ TTTTflTaTa. 
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Definition 3.48 : An element a of a ternary r-semigroup T is 
said to be completely regular if there exist x,y ET a, jS, y, fiEY 
such that aax/SayySa = a and aaxfia = xaajSa = aaafix = aay/?a 
= yaajSa = aaajSy = aaxjSy = yaxjSa = xaa/Sy = yaa/Sx. 
Note 3.49: An element a of a ternary r-semigroup T is said to be 
completely regular if there exist x, y £ T and a, /?, y, SET such 
that a E aTxTaVyVa and aTxTa = xTaTa = aTaTx = aTyTa = 
yTaTa = aTaTy = aTxTy = yTxTa = xTaTy = yTaTx. 
Definition 3.50 : A ternary r-semigroup T is said to be a 
completely regular ternary r-semigroup provided every 
element in T is completely regular. 

Definition 3.51 : An element a of a ternary F-semigroup T is 
said to be intra regular if there exist x, y E T and a, /?, y, S, s, 6 
£ r such that a = xaajSayaSasaey. 

Theorem 3.52 : Let T be a ternary r-semigroup and 
a £ T. If a is a completely regular element, then a is regular, 
left regular, lateral regular and right regular. 

Proof : Suppose that a is completely regular. 

Then there exist x, y £ T and for all a, /?, y, SET such that 

aaxjSayySa = a and aaxfia = xaajSa = aaafix = aayjSa = yaafia 

= aaafty = aaxfiy = yaxjSa = xaa/Sy = yaa/Sx. Clearly A is 

regular. 

Now a = accx/SayySa = accx/SayaSy = aaa/SayxSy. Therefore a 
is left regular. 

Also a = aaxfiayySa = xaafiayySa = xaa/3aya8y. Therefore a 
is lateral regular. 

and a = aax/SayySa = xaa/SayySa = xay/SayaSa. Therefore a is 
right regular. 

In the following we are introducing the notion of mid 
unit of a ternary r-semigroup. 

Definition 3.53 : An element a of a ternary F-semigroup T is 
said to be a mid-unit provided xTaTyTaTz = ^ryrz for all x, y, z 
£T. 

CONCLUSION 

D. Madhusudhana Rao and A. Anjaneyulu studied about 
T-semi groups. Further D. Madhusudhana Rao and A 
.Anjaneyulu and Y. Sarla extended the same results to ternary 
semigroups. In this paper mainly we extended the same results to 
ternary r-semigroups. 
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